Abstract. We show that there exists no Lagrangian embeddings of the Klein bottle into C 2 .
Lagrangian Embeddings in C 2 . The topology of closed Lagrangian embeddings into C n is still an elusive problem in symplectic topology. Before Gromov invented the techniques of pseudo-holomorphic curves it was almost intractable and the only known obstructions came from the fact that such a submanifold has to be totally real. Then in [3] he showed that for any such closed, compact, embedded Lagrangian there exists a holomorphic disk with boundary on it. Hence the integral of a primitive over the boundary is different from zero and the first Betti number of the Lagrangian submanifold cannot vanish, excluding the possibility that a three-sphere can be embedded into C 3 as a Lagrangian. A further analysis of these techniques led to more obstructions for the topology of such embeddings in [9] and [11] .
For C 2 the classical obstructions restrict the classes of possible closed, compact surfaces which admit Lagrangian embeddings into C 2 to the torus and connected sums of the Klein bottle with oriented surfaces. There are obvious Lagrangian embeddings of the torus (e.g. of the form S 1 × S 1 ⊂ C × C) and not so obvious ones for the connected sums except for the Klein bottle (see [1] ). One may further ask which topological types of embeddings may be realized as a Lagrangian embedding. There has been a partial answer to that [6] and an announcement in [5] stating that all Lagrangian tori are (topogically) unknotted. Here we show that the same circle of ideas solves the question for the Klein bottle, namely Theorem 1. There is no Lagrangian embedding of the Klein bottle into C 2 .
The theorem follows from the main result of this paper: 
is non-trivial.
From that we can deduce the theorem on the Klein bottle.
Proof of Theorem 1. For convenience we rescale the Lagrangian submanifold such that it lies in the open unit ball. Hence we may consider it as a Lagrangian embedding into CP 2 in the complement of a projective line H. Now we apply Theorem 2. Due to Gromov, there will be a symplectomorphism of CP 2 which sends H and G to projective lines. Hence symplectically L ⊂ C 2 \ C × {0}, nontrivially linking the complex line in the homological sense above.
What follows has been observed by the author in [8] . Suppose L ⊂ C 2 \ C × {0} is any closed, compact Lagrangian submanifold into the complement of the complex line. Then L ⊂ C× (C\{0}) ∼ = C×(S 1 × (∞, 0]) ⊂ C×(S 1 × R) via obvious symplectomorphisms. Gromov's existence theorem for holomorphic disks applies to the latter symplectic space and hence we obtain a closed curve in L such that the integral of a primitive over it is non-zero. Hence this curve represents a non-trivial element in H 1 (L). On the other hand, since it is the boundary of a disk in C × S 1 × R its linking with the complex line vanishes. So if we assume that the linking of L with C×{0} is non-trivial, the first Betti number of L has to be at least 2. Hence the main theorem proves the result about the Klein bottle. Acknowledgements. I am indebted to Frédéric Bourgeois, Kai Cieliebak, Yakov Eliashberg, John Etnyre and Helmut Hofer for fruitful discussions and their generous help to make my idea for the proof work. I want to express especially warm appreciation for the encouraging support I received from Helmut Hofer, Abbas Bahri and Sagun Chanillo in a difficult moment. I was deeply moved and without that, this work would most likely have not been carried out.
Topology and Dynamics of the Unit Cotangent Bundles. Consider the Klein bottle K 2 or the 2-torus T 2 with a flat metric fixed. The Reeb flow of the corresponding contact one form on the unit cotangent bundle is nothing but the geodesic flow. Of course, closed Reeb orbits correspond to closed geodesics and typically arise in families.
In the case of the flat Klein bottle there are also two simple isolated geodesics/Reeb orbits which are parallel but not homologous. They (and their odd multiples) are non-degenerate in the stronger sense. But notice that their even multiple covers are elements of families as before. Let us call these isolated Reeb orbits odd and those which arise in families even. The Poincaré return map of an isolated orbit is
The contribution of a positive or negative puncture which is asymptotic to an even Reeb orbit to the index of a pseudo-holomorphic curve is 2 or 1, respectively, while the contribution of an odd Reeb orbit is always 1. All other contributions coming from the rotation of the linearized Reeb flow with respect to a global trivialization of the contact structure on the unit cotangent bundle cancel out since the homology classes of the geodesics to which such a sphere is asymptotic to at its punctures have to add up to zero. Therefore the index of a (broken) holomorphic sphere with e even and o odd positive punctures is given by (−2 + 2e + o). Clearly, there are no contractible closed Reeb orbits. Hence there are no finite energy planes in the cotangent bundle of the surface. Notice also that in the case of the torus the index of such curves is always positive, while in the case of the Klein bottle the only rigid holomorphic curves are two-punctured spheres whose positive punctures are asymptotic to the same odd geodesics with different directions.
If we have a (pseudo)holomorphic punctured sphere in the cotangent bundle of the torus or the Klein bottle and any two-punctured sphere which is asymptotic to Reeb orbits corresponding to geodesics which are not parallel to any of the geodesics corresponding to the punctures of the holomorphic sphere then the two have to intersect. This comes from the fact that for any rational direction there is a foliation of the cotangent bundle of the torus by by pseudo-holomorphic twopunctured spheres with asymptotics parallel to that direction.
Proof of Theorem 2. We will make use of the following parts of the theory of pseudoholomorphic curves in symplectic manifolds with convex and concave ends: asymptotic behavior of the holomorphic curves near the ends, Fredholm theory, compactness and intersection of pseudo-holomorphic curves in symplectic 4-manifolds. A good reference is [2] Chapters 1.
Assume L is a closed, compact Lagrangian submanifold of C 2 . Alternatively, we would like to think of it as embedded into CP 2 such that there exists a projective line H in its complement. There is a (pseudo-convex) neighborhood U of L ⊂ CP 2 whose boundary is of contact type and contactomorphic to the ǫ-cotangent bundle M of L with the corresponding contact one form α, as chosen in the previous section. We 'complete' the complement CP 2 \ U with the left part of the symplectization of M , (M × (−∞, 0], d(e t α)). We call the resulting symplectic space X ∼ = CP 2 \ L. Fix an almost complex structure J which is compatible with the symplectic structure ω, time-invariant on the M × (−∞, 0]-part, interchanging ∂/∂t and the Reeb vector field as usual. Moreover, we may assume that it coincides with the original complex structure outside a neighborhood of L, so as to keep H to be a holomorphic sphere. Now we consider broken holomorphic spheres in the hyperplane class [H], i.e. curves with components in X, T * L and their common end, the symplectization of the unit cotangent bundle, T * 1 L. They arise as limits of pseudo-holomorphic curves if we degenerate smooth compatible almost complex structures on CP 2 to J. Notice that due to the asymptotics of J-holomorphic curves of finite energy (for the Morse-Bott situation see [4] ) there is a natural compactification of these pieces in X, T * L and T * 1 L × R, where we use T * 1 L to compactify the original spaces. On the other hand J-holomorphic curves in X can also be compactified to smooth symplectic surfaces with (smooth) boundary on L. As a consequence if they lie in X \ H the integral of the primitive of the symplectic form on CP 2 \ H over the oriented boundary has to be positive.
Notice also that from intersection arguments (as in [7] ) we know that two broken holomorphic curves in [H] may have a total intersection index of at most one. We do not know if this index is equal to one since they may have several components in common. From this it is clear that each component in X is simple, since the broken curve represents the hyperplane class. The upshot is that for a generic choice of J all parts of the broken holomorphic sphere in X will be regular. In particular the dimension of the corresponding family coincides with the index. The index is given by (−2 + o + e) + 2c 1 + r where c 1 is the Chern number and r is the total number of half rotations of the linearized Reeb flow, both with respect to the trivialization of the contact hyperplanes ξ. Notice that r has the same parity (odd/even) as o and hence the index has the same parity as e, the number of even asymptotics.
It turns out that the number of ways in which a holomorphic sphere in the hyperplane class can brake is rather small. For simplicity let us think of the pieces in the unit cotangent bundle be formally glued to the corresponding piece in T * L. A simple analysis shows that the number of positive punctures of such pieces is not bigger than 3 in the case of a torus, and not bigger than 6 in the case of the (hypothetical) Klein bottle.
In all but one case the corresponding pieces in X have index not bigger than 3. The exception is the following: The most complicated part of the broken curve in T * L is an annulus, and for all these annuli the ends are asymptotic to odd Reeb orbits (possible only if L is the Klein bottle). In these cases there may be one corresponding component in X which has index 4. In the case of the torus there are only two-punctured and three-punctured components in the cotangent bundle. In the latter case the maximal index of the corresponding pieces in X is one.
Notice that under such an assumption in all but the exceptional case the components in X of the broken holomorphic spheres in the hyperplane class arise in families of dimension not bigger than 3.
The set of smooth J-holomorphic spheres in X which arise as deformations of H going through a fixed point p ∈ H is not a closed subset in the space of all broken J-holomorphic spheres since otherwise they would fiber the complement of this point in X. But X is non-compact. The component in the cotangent bundle of any broken curve which arises as a limit of deformations actually lies in the symplectization of the unit cotangent bundle or in other words never reaches the zero section.
Pick a broken curve in its closure and choose a component E of it in X \ H with exactly one negative puncture. Pick a point in E and a complex direction such that there is no (simple) J-holomorphic sphere with punctures in X whose deformation index is not bigger than 3. This is possible since the space of parameters we can choose from is four-dimensional. We construct a broken holomorphic sphere in the hyperplane class through that chosen point in that chosen complex direction. Hence the component containing the point in E has deformation index at least four. In the case of the torus that means that the holomorphic sphere is smooth and lies entirely in X.
In the case of the Klein bottle it means that the curve we constructed is either smooth or of the exceptional type. On the other hand since the original holomorphic curve (which contained the component E) arises as a Gromov-limit of deformations of H, the component of the new curve which intersects E also has to intersect H. Pick p ∈ H such that there will be no Jholomorphic curve in X going through it which intersects H once algebraically and is of index less than 2. That leaves us with essentially three cases to consider.
Assume first, that the component in T * K is a two-punctured sphere. We construct a (generic) broken holomorphic curve intersecting the component E in X \ H transversally as before. It is either a smooth projective line or of the exceptional type. Since the second holomorphic curve transversally intersects the component E its parts in the cotangent bundle (which are twopunctured spheres) have to have asymptotics which are parallel to the asymptotic geodesics of the two-punctured sphere in T * K of the first curve. Otherwise the components in T * K of the first and the second holomorphic curve would (positively) contribute to the intersection index of the two broken holomorphic curves which would exceed 1. Denote by C, C ′ the components in X which intersect the projective line H and by E, E ′ the components in the complement of H with one negative puncture, of the first and second curve, respectively. C ′ intersects E once transversally. The (oriented) geodesics γ, γ ′ corresponding to the Reeb orbits to which the curves E, E ′ are asymptotic to are running in the same directions. This follows since the integral of the primitive of the symplectic form on CP 2 \ H over each of them has to be positive. Hence they lie on the same Lagrangian leaf in T * 1 L. Accordingly the same is true for the corresponding geodesics δ, δ ′ of C, C ′ . Only the integral has to be negative this time since the sum of both contributions vanishes. Thus the direction of the corresponding oriented geodesic is opposite to the directions for E, E ′ . Hence the two corresponding pairs (γ, γ ′ ) and (δ, δ ′ ) lie on different leaves. Picking appropriate positive integers k, l one can connect kC, −lC ′ and kE, −lE ′ using their limits in T * 1 L to create 2-cycles in CP 2 . The discussion before shows that we did not create intersections of the two surfaces which were not already there before. The surface kE ∪ (−lE ′ ) ⊂ CP 2 does not intersect H and is therefore homologically trivial. Hence the intersection of the two created surfaces should vanish. But C ′ intersects E once and C (or C ′ ) does not intersect E (or E ′ ). Hence C has to intersect E ′ which is clearly a contradiction, since the two curves above are (broken) holomorphic curves in the hyperplane class and thus may transversally intersect only once.
The second case is that the component in T * L is a three-punctured sphere, the component intersecting H a one-punctured sphere with an odd asymptotic, while there is one component in X \ H which has an even asymptotic while the other has an odd asymptotic. We pick the latter one (call it E again) and apply the above procedure. If we do not get a smooth J-holomorphic sphere we obtain once again an exceptional one. Since all odd geodesics are parallel this case is now similar to the first case and we may use the same construction to obtain a contradiction.
In all remaining cases there are at least two components in X \ H which are one-punctured spheres with odd asymptotics and index 0, E 1 and E 2 , say. We apply the above procedure to both of them and assume that we do not obtain a smooth J-holomorphic sphere. We thus get two exceptional broken spheres whose components C ′ i intersecting E i will also intersect H. Again since all odd geodesics are parallel we may construct 2-cycles out of kC ′ 1 and −lC ′ 2 on one hand and out of mE 1 and −nE ′ 1 on the other. But C ′ 2 may not intersect E 1 transversally. Hence we obtain a contradiction.
Therefore, there has to be a smooth J-holomorphic sphere G (transversally) intersecting E once. E can be considered as a smoothly embedded symplectic disk in CP 2 with boundary on L. It follows immediately that L ⊂ CP 2 \(H ∪G) with a non-trivial induced linking homomorphism:
